Presented is a prediction, based on the Frenet-Serret differential geometry of space curves, that the wave number dependence of the average kinetic energy per unit length of two mutually interacting highly curved quantum vortex scales as k −3 . The interacting quantum vortices are helical in shape, supporting circularly polarized counter-propagating waves, with arbitrary curvature and torsion. This power-law spectrum agrees with the high-k spectrum found in precise quantum simulations of turbulent superfluidity with tangle of highly curved and excited quantum vortices. Superfluid turbulence is an intriguing low-temperature phenomenon with power-law energy cascades that are undergoing active investigation. In this Letter we consider the origin of a k −3 power-law in the kinetic energy spectrum at high-k wave numbers ( the inverse coherence length) associated with highly curved quantum vortices. The simplest theory for a superfluid condensate in the zero-temperature limit is 
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into time-independent GPE with g/µ = ξ 2 gives the following equations with a separation constant k 2 :
where a ≡ ξ −2 − k 2 . Equation (2a) admits sinusoidal solutions and (2b) can be solved for integer winding number n. For the simplest n = 1 case, the Padé approx-
384+ar 2 (128+11ar 2 ) solves the timeindependent GPE with errors at O (r √ a) 7 . Notice that φ v (r) → √ a and r → ∞, and thus the nonlinear term in (2b) vanishes in the bulk.
The rectilinear quantum vortex solution of the GPE is
. For a vortex line along theẑ-direction in cylindrical coordinates with unit winding number, the irrotational part of the superfluid velocity has a divergent (perpendicular) part characteristic of inviscid flow and an advective (parallel) part characteristic of rigid translation
From this velocity field, we know that the circulation is quantized,
For a rectilinearẑ-directed quantum vortex, the real part of the vorticity is pinned at the vortex center ω = h m δ (2) (r)ẑ. For a vortex filament of any shape, say a curve C, the velocity field in general may be written as
where ds ′ is the differential length along the vortex filament, s ′ is the parametrization of C, r is the field point, and ds ′ is the differential line element at the vortex center and parallel to the vorticity 3 . The Biot-Savart formula (4) reduces to v =θ /(mr) for the case of an infinite rectilinear quantum vortex positioned along the center of a cylindrical coordinate system with s ′ = z, ds ′ = dzẑ, and ds ′ × (r −ŝ ′ ) =θ dz |z|/|r − s ′ |. Using the Madelung transformation 4 ϕ = √ ρ e iS/ , (1) can be written in terms of the conjugate fluid variables (the action S and number density ρ) as follows:
The quantity in square brackets is identified with a Hamiltonian energy functional. Bohm originally made this identification while considering quantum flow in a spatially-dependent linear external potential V (x) 5 . For a BEC, the nonlinear internal potential energy is
energy is a statistical volume integral E = d 3 x ρ H BEC with ρ taken as the effective probability distribution
. E is a conserved quantity. Here we are interested in the first term
2 , where the de Broglie relation mv = ∇S is used. The average classical kinetic energy per unit length L of a single linear quantum vortex is E ≡ E cl kin /L:
where κ • ≡ h/m is the quantum of circulation and ρ • is the constant background number density of the condensate, r b is a regularizing parameter associated with the size of the vessel containing a single quantum vortex and r c is an effective cutoff parameter to the divergent angular velocity field. 
where u 1 and u 2 are treated as small amplitude perturbations in the radial directions with respect to the initial unperturbed filamentary lines. Each vortex filament is a stretched helix, approximating a nearly straight line parallel to theẑ-axis.
The first step is to calculate the fluctuation in position of a vortex element at the first vortex due to the presence of the second vortex. The fluid velocity at the first vortex located at R 1 caused by the second vortex at R 2 is given by the Biot-Savart law (4)
1 rc may be chosen so that the integral for E, with a cutoff that avoids the singularity at the origin, is equivalent to the original nonsingular integral with no cutoff. So, rc is technically not a cutoff parameter per se because the original integral is nonsingular. Instead, rc is merely a matching parameter useful for replacing a nonsingular but difficult integrand with an analytically simpler one. All the expressions of the average classical kinetic energy per unit length in (5) are equivalent and apply to a nearly straight (high-tension and low-curvature) vortex.
With i = 1, 2 denoting the vortices, the differential arc length is
. Then, according to (7), the fluctuation of the position of the vortex element originally at
× (r 12 +ẑz 12 + u 12 )
where r 12 ≡ r 1 − r 2 , z 12 ≡ z 1 − z 2 , and u 12 ≡ u 1 − u 2 . Also, defining R
12 ≡ r 12 +ẑz 12 and making use of the Taylor expansion
we can write a leading order expansion of the position fluctuation (velocity of the first vortex element at z 1 due to the presence of the second vortex)
Making the analogy to the mutual inductance of two line currents, the Neumann formula can be used to calculate the interaction energy of two vortices
(9) The next step is to develop an expansion for the interac-
, where the cross-terms vanish because, in the reference frame at the original center of the unperturbed ith vortex line alongẑ, the motion of the perturbed filament is in the polar direction dui dzi /| du1 dz1 | ≈ ±θ. Employing Taylor's theorem, the denominator is expanded to second order
so in turn the interaction energy expansion becomes
where in (10) the term obtained by integrated by parts was rewritten as − 
Comparing this result with the previous result (8b) yields the useful relation
The mutual interaction energy part of the condensate energy arising from a perturbed quantum vortex of length L = C √ dz 2 + du 2 is primarily due to its bending, assuming a sufficient separation distance exists between the vortices so that vortex-vortex straining has no low-order effect. Therefore, we have
Inserting this result into (12), yields
Having completed our review of Fetter's treatment, let us consider a high-curvature generalization of (14). The Frenet-Serret formulas of multivariable calculus concerning the geometry of curves describe the kinematic properties of a particle at position R moving along a continuous and differentiable curve C (the particle's trajectory or world line) embedded in three-dimensional Euclidean space R
where s is the arc length parameter along C,t is the unit tangent to C at the point R,n is the unit normal perpendicular tot at R,b is the unit bi-normal perpendicular to botht andn, and κ is the curvature and τ is the torsion of C at R. Given a fixed curve C, one constructs a local Frenet-Serret frame as followŝ
where the prime indicates differentiation with respect to s. Son points along the direction of the derivative of t with respect to the arc length parameter of the curve and equating (15) with (16), the curvature is κ = |t ′ (s)|. Therefore, the unit vectorst,n, andb serve as an orthogonal coordinate system centered at R, a local reference frame that moves with the particle. For example, specifying the points in R 3 with the cylindrical coordinates (r, ϑ, z), if C is a helix with its axis along r = 0 R(s) = (r cos kz, r sin kz, 0)+(0, 0, hkz) (17a)
with kz ≡ s/ r 2 + h 2 , then the Frenet-Serret frame iŝ
and the local curvature and torsion of C are
In the limit h ≪ r, the curve is a compressed helix where each cycle approximates a circle with curvature 1/r. In the opposite limit h ≫ r, the curve is a stretched helix (approximating a straight line) with torsion 1/h. We may reconsider the case of a perturbation to a rectilinear quantum vortex: a quantum vortex supporting a small amplitude circularly-polarized plane Kelvin wave counterrotating in a sense opposite to the vorticity direction of the unperturbed vortex line. The solution we seek is based on the general Frenet-Serret formulas.
2 Since the second derivative of the radial perturbation of the quantum vortex center is u
takes the form of an undamped Bloch equation
The radial displacement u 1 behaves like the magnetization vector of a nuclear spin precessing about a background magnetic field alongŝ 2 ≈ẑ. Thus, two segments of the mutually interacting quantum vortices behave like coupled nuclear spins. The helix rotates in time as a sinusoidal perturbation u 1 ∼ r 1 e i(kz−ωt) , so (14) may be written as
Then with u 1 = (x, y), we have iω(x, y) =
To make additional contact with the previous literature, consider the limit of small curvature with the perturbed vortex is a stretched helix. The local frame, which we may choose to fix at
where the arc length is parametrized by s ≈ z 1 . The mutual interaction of the vortices causes them to bend into the filamentary shape of a rotating helix-a circularly polarized Kelvin wave. Equation (14) may be rewritten aṡ
In a parametrization with |u ′ | = 1, this is the local induction approximation (LIA) used for quantum turbulence simulations 3 .
known solution by setting the determinant to zero, for r b = 1/k, is the Kelvin wave dispersion relation
valid in the limit where r/h is a small quantity with C nearly a line. Now, with a locally helical-shaped quantum vortex parametrized by (17), we need not restrict r/h to be a small parameter. Instead the only generic constraint imposed upon the shape of the perturbed quantum vortex is that it be locally parametrized by (17a). We will not loose the generality of two interacting quantum vortices of arbitrary shape by restricting their mutually interacting segments to helices.
Since |R ′ (s)| = 1,t
= R ′ (s) and in turn (15) is
So, allowing for high curvature, (16) can be written aŝ
−hθ + rẑ
We are now considering a pair of parallel vortex segments, arbitrary helices equal in magnitude and spin, circling around each other whereby each segment moves by the influence of the velocity field of the other. Since the velocity field of a vortex segment (with a circularly-polarized radial perturbation) is anti-parallel to the bi-normal unit vector of a helical curve (i.e., v ∝ −b), this velocity field may be generally expressed in the Frenet-Serret frame as
Next, let us determine the radius r and the stretching h of the helix directly in terms of the available physical parameters describing the mutually interacting quantum vortices, such as the separation distance between the vortices 2R 
The quantum vortex solution (3) with a plane-wave phonon mode counter-propagating to ω • along the −ẑ direction with wave number k = k is concomitant to the quantum vortex kelvon mode
Equating (26) to (25), the helical parameters h and r are thus analytically determined to be h = R • and r = 2R
2
• k. In turn, the curvature and torsion of the helix are κ
. One observes that the maximum curvature κ max = k occurs when k = 1/(2R • ) and the maximum torsion τ max = 1/R • occurs when k = 0. Both the curvature and torsion vanish in the limit of infinitely separated straight-line vortices. Inserting (25) into (24c), one finds a precise selfconsistent equation governing the dynamics of a quantum vortex with large-amplitude helical wave with arbitrary wave number k in mutual interaction with another quantum vortexṘ
For analytical continuation to Fetter's treatment in the high-tension limit h ≫ r, the fluctuation of (27a) obeyṡ
Equating (27b) to the Bloch equation (20) provides a way to determine the wave number dependence E = E(k):
A helical wave triggered by a k-mode axial phonon counter-propagates along the segment undergoing mutual interaction. Only the inital axial phonon dispersion relation ω = κ• 4π k 2 is consonant with the dispersion relation for ω K given by (22) for a semiclassical Kelvin wave.
Equation (28) is an analytical prediction, based on the Frenet-Serret differential geometry of space curves, that the helical wave spectrum scales as k −3 for highly curved quantum vortices. This power-law was found in precise quantum simulations of superfluid turbulence supporting highly curved vortices 7 . A k −3 spectrum also arises from a single rectilinear quantum vortex 8 , and so it has been recently suggested that this straight vortex powerlaw underlies the high-k part of a turbulent superfluid spectrum 9 . The analysis presented here suggests that (28), not (5) originally discovered by Lord Kelvin in 1880 nor the Fourier spectrum of a single rectilinear quantum vortex, may be responsible for the high-k spectrum because of the effect of mutually interacting highly-curved quantum vortices characteristic of superfluid turbulence.
